Introduction
The Donaldson invariants of a smooth 4 manifold M depend by definition on the choice of a Riemannian metric. In case b + (M ) > 1 they however turn out to be independent of the metric as long as it is generic, and thus they give C ∞ -invariants of M . In case b + (M ) = 1 the invariants have been introduced and studied by Kotschick in [Ko] . It turns out that the positive cone of M has a chamber structure, and Kotschick and Morgan show in [K-M] that the invariants only depend on the chamber of the period point of the metric.
Now let S be a smooth algebraic surface with geometric genus p g (S) = 0, irregularity q(S) = 0, and let H be an ample divisor on S. Let M S H (c 1 , c 2 ) be the moduli space of H-Gieseker semistable rank 2 sheaves on S with Chern classes c 1 and c 2 . In the recent paper [E-G] we studied the variation of M S H (c 1 , c 2 ) and that of the corresponding Donaldson invariants under change of the ample divisor H. For the Donaldson invariants this corresponds to restricting our attention from the positive cone of S to the subcone of ample classes. We imposed a suitable additional condition on the walls between two chambers and called walls satisfying this condition good walls.
We showed that if the polarisation H passes through a good wall W defined by a cohomology class ξ ∈ H 2 (S, Z), then M terms of δ ξ,N and using an additional conjecture even the first 7 leading terms. Furthermore, again using the conjecture, we determine δ ξ,N on a rational ruled surface for d ξ,N ≤ 8. By explicitely determining the corresponding δ ξ,N we show that on a rational ruled surface the conjecture and all the formulas are correct for all walls ξ and all N with N ≤ 40 and d ξ,N ≤ 8.
Now we compute the Donaldson invariants for rational ruled surfaces S by again combining the wall-crossing formulas with the blowup formulas. We apply this algorithm to compute all the invariants on S of degree at most 35. The result shows that the special chamber C ′ , where the invariants corresponding to first Chern class c 1 with c 1 .F = 1 vanish, is also special for all other c 1 .
We obtain that in the chamber C ′ the Donaldson invariants can be expressed as a polynomial in the linear form L F defined by F and the quadratic form q S . This polynomial is independent of S, and there is a simple relationship between the polynomials for different c 1 .
Finally we observe that by combining the results obtained so far with the blowup formulas, we obtain an algorithm for computing all the SO(3) and SU (2)-invariants for all rational surfaces S for all polarisations in a reasonably big part of the ample cone of S. This can be seen as a generalization of the result of [K-L] that the Donaldson invariants of P 2 and P 1 × P 1 are determined by the wallcrossing formulas on some blowups.
The explicit computations of the wall-crossing formulas and the Donaldson invariants of rational surfaces gives us a lot of empirical data about the shape of these invariants. We have therefore tried to find some patterns in the results and so the paper also contains a number of conjectures and questions. Several of these can already be motivated by the results of [K-L] .
We would like to thank Dieter Kotschick for sending us the preprint [K-L] , which was quite important for our work, and also for some useful comments. Furthermore the second author would like to thank S.A. Strømme for a sample Maple program for computations on Hilbert schemes of points.
Background material
In this paper let S be a rational surface over C. For such a surface the natural map from the group of divisors modulo rational equivalence to H 2 (S, Z) is an isomorphism. So, for ξ ∈ H 2 (S, Z),
we will often write O S (ξ) for the line bundle associated to a divisor with class ξ.
For a polarization H of S we denote by M S H (c 1 , c 2 ) the moduli space of torsion-free sheaves E on S which are H-semistable (in the sense of Gieseker and Maruyama) of rank 2 with c 1 (E) = c 1 and c 2 (E) = c 2 .
Notation 2.1. For a sheaf F on a scheme X and a divisor D let F (D) := F ⊗ O X (D). If X is a smooth variety of dimension n, we denote the cup product of two elements α and β in H * (X, Z) by α · β and the degree of a class α ∈ H 2n (X, Z) by X α. For α, β ∈ H 2 (S, Z) let α · β := S α · β.
We write α 2 for α · α and, for γ ∈ H 2 (S, Z), we put α, γ := α ·γ , whereγ is the Poincaré dual of γ. We denote by q S the quadratic form on H 2 (S, Z) and, for a class η ∈ H 2 (S, Q) by L η the corresponding linear form on H 2 (S, Q).
Convention 2.2. When we are considering surfaces S and X with a morphism f : X −→ S, that is either canonical or clear from the context, then for a cohomology class α ∈ H * (Y, Z) (or a line bundle L on Y ) we will very often also denote the pull-back via f by α (resp. L). (Very often f will be a sequence of blowups. In particular if X is a surface which is obtained by P 2 by a number of blowups, then we denote by H the pullback of the hyperplane class. Similarly on P 1 × P 1 or a variety obtained from P 1 × P 1 by a number of blowups, we denote by F and G the classes of the fibres of the projections to the two factors.)
2.1. Walls and chambers. (see [Q1] , [Q2] , [Gö] , [K-M] and [E-G] .)
Definition 2.3. Let C S be the ample cone in H 2 (S, R). For ξ ∈ H 2 (S, Z) let
We shall call W ξ a wall of type (c 1 , c 2 ), and say that it is defined by ξ if the following conditions are satisfied:
3. there is a polarisation H with H · ξ = 0. On a rational surface S we will call a divisor L good if L · K S < 0, and we denote by C S,g the real cone of all good ample divisors. We see that any wall W intersecting C S,g is a good wall.
Let L − and L + be two divisors on S. We denote by
defining a wall of type (c 1 , c 2 ) and satisfying 
been shown that in case b + (M ) = 1, b 1 (M ) = 0 they depend only on the chamber of the period point of the metric in the positive cone of H 2 (M, R). We want to use conventions from algebraic geometry, which differ by a sign from the usual conventions for Donaldson invariants and furthermore by a factor of a power of 2 from the conventions of [Ko] .
Notation 2.4. Let S be a simply connected algebraic surface with p g (S) = 0. Let N := 4c 2 − c 2 1 − 3 be a nonnegative integer. We denote by A N (S) the set of polynomials of weight N on H 2 (S, Q) ⊕ H 0 (S, Q), where we give weight 2−i to a class in H 2i (S, Q). Let γ S c1,N,g be the Donaldson polynomial of degree N with respect to a generic Riemannian metric g associated to the principal SO(3)-bundle P on S whose second Stiefel-Whitney class w 2 (P ) is the reduction of c 1 mod 2 (in the conventions of e.g. [F-S] ). Then γ 
,N . We denote by pt ∈ H 0 (S, Z) the class of a point. Sometimes we will consider the Donaldson invariants as
If the moduli space M L (c 1 , c 2 ) fulfills certain properties (in particular there is a universal sheaf [Li] ).) We will use a result from [E-G] (also proved independently in [F-Q]), We state it only for rational surfaces. Note that there are some changes in notation.
Definition 2.5. Let ξ ∈ H 2 (S, Z) be a class defining a good wall of type (c 1 , c 2 ). For N :=
be the Hilbert scheme of d points on 2 disjoint copies of S. Let q : S ×T ξ −→ T ξ and p : S ×T ξ −→ T ξ be the projections. Let V ξ be the sheaf p
the subscheme of S × T ξ which restricted to each component S × Hilb n (S) × Hilb m (S) is the pullback of the universal subscheme Z n (S) (resp. Z m (S)) from the first and second (resp. first and third)
factor. Let I Z1 , I Z2 be the corresponding ideal sheaves and [Z 1 ] and [Z 2 ] their cohomology classes.
where s(·) denotes the total Segre class. We denote δ ξ := N >0 δ ξ,N . We will also denote for Then for all α ∈ A N (S) we have
2.3. Blowup formulas. We briefly recall the blowup formulas in the context of algebraic surfaces.
In the case b + (S) > 1, when the invariants do not depend on the chamber structure, they have been shown e.g. in [O] , [L] and in the most general form in [F-S] . In the case b + (S) = 1 we cite these results after [K-L] . By [T] the formulas of [F-S] also hold for S with b + (S) = 1, if the chamber structure is properly taken into account. Let S be an algebraic surface with b + = 1 and let ǫ : S −→ S be the blowup in a point. Let E ∈ H 2 (S, Z) be the class of the exceptional divisor.
Let c 1 ∈ H 2 (S, Z) and c 2 ∈ H 4 (S, Z) and put N = 4c 2 − c 2 1 − 3. Let C ⊂ C S be a chamber of type (c 1 , c 2 ), let C E ⊂ C S be a chamber of type (c 1 + E, c 2 ), and let C ′ ⊂ C S be a chamber of type (c 1 , c 2 ).
Following [Ko] we say that the chambers C and C E (resp. C and C ′ ) are related chambers if ǫ * (C) is contained in the closure C E (resp in C 0 ).
Theorem 2.7. There are universal polynomials S k (x) and B k (x) such that for all related chambers C and C E (resp, C and C ′ ) as above, all k ≤ N and all α ∈ A N −k (S) we have
(Note the different sign convention). The S k (x) and B k (x) can be given in terms of the coefficients of of the q-development of certain σ-functions.
We refer to (2.7.1) as SO(3)-blowup formulas and to 2.7.2 as SU (2)-blowup formulas. We will use that the S k (x) and the B k (x) are determined by recursive relations: (a1) S 2k (x) = 0 for all k,
B 0 (x) = 1, B 2 (x) = 0, B 4 (x) = −2 and, in both cases, the recursive relation
2.4. The walls for rational surfaces. Now let S be a rational surface. We want to collect some information about the set of walls in the ample cone C S . The following is easy to see:
Remark 2.8. 1. If S is a rational ruled surface then C S = C S,g , i.e. all walls are good.
2. If S is obtained from P 2 by a sequence of blow ups with exceptional divisors E 1 , . . . , E r then
Lemma 2.9. For any pair (H − , H + ) of ample divisors on a rational surface S and all c 1 ∈ P ic(S) and c 2 ∈ H 2 (S, Z) the set W (c1,c2) (H − , H + ) is finite.
Proof.
1.6 it intersects only finitely many walls of type (c 1 , c 2 ).
We now give a list of all walls for S = P 2 and S = P 1 × P 1 which will be used repeatedly in our computations. We denote by F = H − E the class of a fibre of P 2 −→ P 1 . We also denote by F the fibre of the projection to the first factor of P 1 × P 1 and by G the class of the fibre of the projection to the second factor. The verifications are elementary.
Remark 2.10.
2.5. Botts formula. Now we recall the Bott residue formula (see e.g. [B] , [A-B] , [E-S2] 
Let X be a smooth projective variety of dimension n with an algebraic action of the multiplicative group C * such that the fixpoint set F is finite. Differentiation of the action induces a global vector field ξ ∈ H 0 (X, T X ), and F is precisely the zero locus of ξ. Hence the Koszul complex on the map 
In particular there are natural maps
The following result enables us to compute the degree of polynomials of weight in the Chern classes of equivariant vector bundles on X. Let E be an equivariant vector bundle of rank r on X.
At each fixpoint x ∈ F the fibre E(x) splits as a direct sum of one-dimensional representations of
. . τ r (E, x) denote the corresponding weights, and for all k ≥ 0 let σ k (E, x) ∈ Z be the k-th elementary symmetric function in the τ i (E, x).
Theorem 2.12.
The composition
H 0 (O F ) −→ H n (X, Ω n X ) res −→C maps f : F −→ C to x∈F f (x)/σ n (T X , x).
Application of the Bott residue formula
In this section we want to see how the Bott residue formula can be used to compute δ ξ,N for a class ξ defining a wall on a rational surface X. Let Γ = C * × C * be an algebraic 2-torus and let λ and µ be two independent primitive characters of Γ. We identify the representation ring of Γ with the ring of Laurent polynomials in λ and µ. For a variety Y with an action of Γ we will denote by F Y the set of fixpoints.
3.1. Actions of a torus on rational surfaces. We are going to define actions with finitely many fixpoints of Γ on X = P 2 , X = P 1 × P 1 and inductively on surfaces X = X r , where X 0 = P 2 or X 0 = P 1 × P 1 and X i is the blowup of a fixpoint of the Γ-action on X i−1 . We also define a lift of the action of Γ to all line bundles on X. These actions will have the following properties:
which Γ acts by t · x = α p x, t · y = β p y for two independent characters α p and β p of Γ, and the A p cover X.
2. For each line bundle L ∈ P ic(X) the restriction L| Ap has a nowhere vanishing section
The action of Γ has 3 fixpoints p 0 := (1:0:0), p 1 := (0:1:0) and p 2 := (0:0:1).
The sets A pi := D(T i ) (i.e. the locus where T i = 0) are affine invariant neighbourhoods. In appropriate coordinates x, y on A p0 (resp. A p1 ,A p2 ), the induced action of Γ is t · (x, y) = (λx, µy)
The case of P 1 × P 1 . Let X 0 , X 1 and Y 0 , Y 1 be homogeneous coordinates on the two factors.
In the appropriate coordinates x, y on A pij the action is given by t · (x, y) = (λ 1−2i x, µ 1−2j y) (i and j ∈ {0, 1}). Finally a trivializing section of O(n, m) on
The blowup. Now assume that Y is a surface obtained from P 1 × P 1 or P 2 by successively blowing up fixpoints of the action of Γ, and assume that the action is extended to Y , so that it still has finitely many fixpoints, and that the assumptions (1) and (2) above are satisfied. Let p ∈ F Y be a fixpoint. Let A p be an affine neighbourhood of p with coordinates x, y on which Γ acts by t · (x, y) = (αx, βy) for two independent characters α, β of Γ. Let X be the blowup of Y in p, and denote by E the exceptional divisor and by A the blow up of A p at p. We can identify E = P( x, y ∨ ), and the induced action of Γ on E has 2 fixpoints q 0 := (1:0) and q 1 := (0:1), which are the fixpoints of Γ on X over p. There are affine neighbourhoods
of q 0 and q 1 in X, with coordinates (x, y/x) and (y, x/y). The action t · (x, y/x) = (αx, βα
as a trivializing section near q (with q = p), and near q 0 (resp. q 1 ) such a section is
3.2. The induced action on the Hilbert scheme. We assume that S is a surface obtained by blowing up P 2 or P 1 × P 1 repeatedly, with an action of Γ as above. We fix a positive integer d and want to study the induced action of Γ on the Hilbert scheme Hilb d (S ⊔ S) and on certain "standard bundles" on Hilb d (S ⊔ S), which appear in the wall-crossing formula 2.5. The induced action on
, where for a subscheme Z ⊂ S we denote by t · Z the subscheme with ideal t · I Z/S := {t · f | f ∈ I Z/S }.
Now let F S := {p 1 , . . . , p m } be the set of fixpoints on S, and, for all i, let A i be the invariant affine neighbourhood of p i with coordinates
independent characters α i and β i . As the characters α i and β i are independent, it is easy to see that 3.3. The action on some standard bundles. We now want to determine the action of Γ on some standard bundles on Hilb d (S ⊔ S) which appear in the wall-crossing formula 2.5. Let ξ define a good wall. We denote by V the vector bundle
Then by the results of [E-G] and
, which is compatibel with base
We will determine the action on the fibre Ext 1 (I Y , I Z ⊗ V ). We denote by V (p i ) the fibre of V over the fixpoint p i considered as a representation of Γ.
Lemma 3.2. For partitions P := (a 0 , . . . , a r ), Q := (b 0 , . . . , b r ) we denote
Then in the representation ring of Γ we have the identities
Proof. (3.2.1) follows directly from [E-S1] .
Claim: In the representation ring of Γ we have the identity
Proof of the Claim: As ξ defines a good wall, we have
Therefore the low-term exact sequence of the local to global spectral sequence
We have an exact sequence
So, tensoring by V , taking the long exact sequence of cohomology and using the vanishing of
we get in the representation ring of Γ the identity
Finally we use the sequence 0
and
. This shows the claim.
We denote by F the virtual Γ-sheaf E §⊔
We can therefore assume that supp(Y ) = supp(Z) is one fixpoint p. Let x and y be coordinates near p as before and R := C[x, y]. Let J := (y a0 , xy a1 , . . . , x r+1 ) (resp. I := (y b0 , xy b1 , . . . , x r+1 )) be the ideal of Y (resp. Z). We denote by F the virtual R-Γ-module corresponding to F . In the representation ring of Γ we have
So we finally have to show that in the representation ring of Γ we have F = E (a0,... ,ar ),(b0,...br) (λ, µ). 
Again following [E-S1] we write n i := (i, a i−1 ), d i := (i, a i ), m j := (j, b j−1 ) and e j := (j, b j ).
Then a calculation analogous to [E-S1] shows
a calculation analogous to [E-S1] gives
and the result follows.
We want to use the easy fact that representation of cohomology classes is compatible with equivariant pullback: Let X and Y be smooth projective varieties with an action of C * with finitely many fixpoints and let µ : X −→ Y be an equivariant surjective morphism. Then µ induces a morphism µ| FX :
where P i ∈ P (n i ) and Q i ∈ P (m i ).
Proof. Let
with the reduced induced structure. Then Hilb d−1,d (S ⊔ S) is smooth and we have a diagram
Here ψ is the blowup along the universal family Z d (S ⊔ S) [E] and η is induced by the identity map on S and Hilb d (S ⊔ S). It is easy to see from the definitions that ϕ are all finite. In fact we can identify
where for partitions P = (a 1 , . . . , a r ), Q = (b 1 , . . . b r ) we denote by P ≥ Q that a i ≥ b i for all i.
Obviously
) and with this identification ϕ and η • ψ are the obvious maps. Now, applying lemma 3.3 to ϕ and η • ψ, the result follows by easy induction.
We can now put our results together: 
Furthermore denote by w(x i ), w(y i ) the weight of the action of T on x i , y i . We denote for partitions P = (a 0 , . . . a r ) and Q = (b 0 , . . . b r ) of numbers n and m
By lemma 3.2, when putting the correct weights F P,Q (u, v) will represent the top Chern class of
Proof. The Chern classes of V ξ = Ext 1 q (I Z1 , I Z2 ⊗ p * V ) are the same as those of the virtual bundle
Therefore the result just follows by putting together lemma 3.2, lemma 3.4
and applying the Bott residue formula 2.12. Notice that T is sufficiently general if none of the denominators vanish.
This formula can be implemented as a Maple program.
The Donaldson invariants of the projective plane
In this section we want to compute the SU (2)-and the SO(3)-invariants of the projective plane P 2 by first computing on the blowup P 2 and then using the blowup formulas.
In order to get started we need the following easy result of [Q2] :
Lemma 4.1. Let S be a rational ruled surface, F the class of a fibre and E the class of a section. We will denote by E the exceptional divisor on P 2 and by H the (pullback of) the hyperplane class on P 2 .
4.1. The SU (2)-case. We first consider the SO(3)-invariants on P 2 with respect to Chern classes (E, c 2 ) and put N := 4c 2 − 3. For 0 < ǫ << 1 the polarisation L ǫ := H − ǫE of P 2 lies in a chamber of type (E, c 2 ) which is related to the polarisation H of P 2 . Thus (2.7.1) gives
On the other hand we know by lemma 4.1 that Φ
where W P2 E,c2 (H − E, H) is known by remark 2.10. Now we compute the δ ξ,N +1 (ĚȞ N −2r pt r ) with a maple program using the Bott residue theorem (i.e. theorem 3.6). For N := 4i + 1 we denote
Then our result is: Remark 4.3. Note that the coefficients of the monomial h N −2j p j of A N are not well-defined for j > (N − 5)/4 because they do not lie in the stable range. We would like to thank Dieter Kotschick for pointing this out. One might however view the above formulas as a definition of these addititonal terms. One also sees that many of the invariants out of the stable range are negative whereas all those inside the stable range are positive (this was also pointed out to us by Dieter Kotschick).
4.2. The SO(3)-case. We consider first the SO(3)-invariants on P 2 with respect to Chern classes (H, c 2 ), and we put N := 4c 2 − 4. For 0 < ǫ << 1 the polarisation L ǫ := H − ǫE of P 2 lies in a chamber of type (H, c 2 ) related to the polarisation H of P 2 . Thus (2.7.2) gives
and, using lemma 2.10, we can again carry out the computation with Botts formula. For N := 4i
we denote
Then we obtain: 
Wall-crossing formulas
In our paper [E-G] we formulated a conjecture about the shape of the wall-crossing formula, compatible with the conjecture of Kotschick and Morgan [K-M] . Here we state a slightly stronger form of the conjecture which is also supported by the computations in [E-G] .
Conjecture 5.1. In the polynomial ring on H 2 (S, Q) we have
, which is independent of S and ξ.
We now will show, that, assuming the conjecture, we can compute several of the Q k (N, d, r, K 2 S ). This computation will also give a check of the conjecture in many specific cases.
For all i ≥ 0 we put
Proposition 5.2. If conjecture 5.1 is true, then for i = 0, 1, 2, 3, 4 we can write
Proof. We assume conjecture 5.1. Let X = P 1 × P 1 or a blow up of P 1 × P 1 in finitely many points.
We denote by F and G the pullbacks of the fibres of the two projections from P 1 × P 1 to P 1 . For linear equations for the coefficients of the
. Solving this system of equations we obtain our result. All the computations are again carried out using a suitable Maple program.
The formulas suggest the following conjecture: Proof. Any rational ruled surface X is a degeneration of either or P 1 × P 1 or P 2 , and under the degeneration the ample cone of X corresponds to a subcone of the ample cone of P 1 × P 1 (resp. P 2 ).
(K
Therefore it is enough to prove the result for P 1 × P 1 and P 2 . We let c 1 run through 0, F, G, F + G on P 1 × P 1 and through 0, H, E, F on P 2 (F = H − E). For S = P 1 × P 1 and S = P 2 we consider for all integers d with 0 ≤ d ≤ 8 the set W S,d of all classes ξ, which define a wall of type (c 1 , c 2 ), such that N := 4d − ξ 2 − 3 ≤ 40 and ξ · F < 0. It is easy to see that In this section we will show that our algorithm for computing the wall-crossing formula δ ξ,N and the blowup formulas enable us to compute all the Donaldson invariants of all rational surfaces X for all generic polarisations lying in a suitable subcone of the ample cone of X.
6.1. The case of rational ruled surfaces. In this case we can indeed determine the Donaldson invariants for all generic polarisations. For simplicity we will only compute the restriction of the Donaldson invariants to Sym N (H 2 (S, Q)). In [K-L] some invariants of P 1 × P 1 have been computed also using blowup and wall-crossing formulas. Their results show e.g. that there is no chamber, for which P 1 × P 1 is of simple type. Our results again agree with theirs and earlier results e.g. in [L-Q] .
Theorem 6.1. Let S be a rational ruled surface, F the class of a fibre and q S the quadratic form on H 2 (S, Z). We denote by F ǫ the polarisation F +ǫE, where E is the class of a section with nonpositive selfintersection.
(1) For ǫ > 0 sufficiently small we have Φ 
(3) For ǫ > 0 sufficiently small and all N ≤ 33 we have, writing Φ S,Fǫ
Proof. (1) is just lemma 4.1.
(2) and (3): We fix N := 4c 2 − 3 with c 2 > 1. We will just compute the corresponding Donaldson invariants explicitely. As any pair (S, L) consisting of a Hirzebruch surface S = Σ n and L = aF + bE ∈ P ic(S) (where E is a section with selfintersection −n ≤ 0) can be deformed to either (P 1 × P 1 , aF + b(E − nF/2)) or ( P 2 , aF + b(E − (n − 1)F/2)) we see that we can assume that S = P 1 × P 1 or S = P 2 and c 1 = F or c 1 = 0.
(a) S = P 1 × P 1 , c 1 = F (we will always denote by F and G the fibres of the projections to the two factors). By (1) we have for ǫ > 0 sufficiently small Φ P1×P1,G+ǫF F,N = 0. Therefore we get
So the invariants can be computed using proposition 5.6 and remark 2.10.
(b) S = P 2 , c 1 = F . Let ǫ > 0 be sufficiently small. By the SO(3)-blow up formula we have for
and the SO(3)-invariants of P 2 have been determined in theorem 4.4. Therefore
So the sum can be computed using proposition 5.6 and remark 2.10.
(c) S = P 2 , c 1 = 0. Let P 2 be the blowup of P 2 in two points with exceptional divisors E 1 and E 2 . Then P 2 is also the blow up of P 1 × P 1 in a point. We denote the exceptional divisor by E.
We denote by F the pullback of F = H − E 1 from P 2 (which coincides with the pullback of F from
We also denote by G the pullback of G from P 1 × P 1 and have
H 2 is a polarisation of P 2 which lies in a (E 2 , c 2 )-chamber related to the (0, c 2 )-chamber of F + ǫE 1 on P 2 . Thus by the SO(3)-blowup formula we have
We have
and for ǫ sufficiently small is is easy to see that
F −E,N +1 can be computed by the Bott residue formula. Finally H 1 lies in a (F − E, c 2 )-chamber on P 2 related to the (F, c 2 )-chamber of F + ǫG on P 1 × P 1 . So, by the SO(3)-blowup formula (with exceptional divisor E), we get for α ∈ A N +1−i (P 1 × P 1 ) Φ P2,H1
and the last is computed by the method of (a). Now we put everything together to get our result.
(d) S = P 1 × P 1 , c 1 = 0. This case is very similar to (c), only with the role of P 1 × P 1 and P 2 exchanged. We use the same notations as in (c). Now H 1 is a polarisation of P 2 which lies in a (E, c 2 )-chamber related to the (0, c 2 )-chamber of F + ǫG on P 1 × P 1 . Thus by the SO(3)-blowup formula we have
(H2,H1) (−1) e ξ,N +1 δ ξ,N +1 , and for ǫ sufficiently small is is easy to see that
So Φ
P2,H1
E,N +1 − Φ
P2,H2
E,N +1 can be computed by the Bott residue formula. Finally H 2 lies in a (E, c 2 )-chamber on P 2 related to the (F, c 2 )-chamber of F + ǫE 1 on P 2 . So, by the SO(3)-blowup formula (with exceptional divisor E 2 ), we get for α ∈ A N +1−i ( P 2 ) Φ P2,H2 E,N +1 (αĚ 
Remark 6.3. We keep the notation of theorem 6.1. Notice that theorem 6.1 and proposition 5.6 determines all the SU (2)-and SO(3)-Donaldson invariants of a rational ruled surface S of degree at most 35 for all generic polarisations: Fix (c 1 , c 2 ) and put N := 4c 2 − c This sum is given for N ≤ 35 by theorem 6.1, remark 2.10 and proposition 5.6.
6.2. The Donaldson invariants of blowups of P 2 . We want to finish by showing that our methods give an algorithm for computing all the Donaldson invariants for all rational surfaces X at least for polarisations lying in a reasonably big subcone C g of the ample cone C X of X. In [K-L] it is shown that the Donaldson invariants of P 2 and P 1 × P 1 can be determined from the wall-crossing formulas on some blowups, and our results can be seen as a generalization of this.
A rational surface X, which is neither P 2 nor ruled can be deformed to a a blowup P 2 (x 1 , . . . x r )
of P 2 in finitely many general points. Under this deformation C X corresponds to a (in general strict) subcone of the ample cone C P2(x1,...xr) . We can therefore restrict our attention to X = P 2 (x 1 , . . . x r ). (1) and (2) We can deform S to P 2 (x 1 , . . . x r ), but under this deformation the good ample cone C g S of S will in general correspond to a proper subcone C g of C P2(x1,...xr) . Note that C g contains a neighbourhood of the hyperplane class H. It is enough to prove that there is such an algorithm computing the Donaldson invariants of S for all generic polarisations in C g S . Fix c 1 ∈ P ic(S) and c 2 ∈ H 2 (S, Z). Let N := 4c 2 − c 2 1 − 3. Let H 1 and H 2 be two good generic polarisations of S. Then by lemma 2.9 the set W c1,c2 (H 1 , H 2 ) is finite and consists only of good walls. Therefore c1,N for one good polarisation H 0 . We will denote by E 1 , . . . , E r the exceptional divisors of S over P 2 . 
